In this paper, we consider variform exact peakon solutions for four nonlinear wave equations. We show that under different parameter conditions, one nonlinear wave equation can have different exact one-peakon solutions and different nonlinear wave equations can have different explicit exact one-peakon solutions. Namely, there are various explicit exact one-peakon solutions, which are different from the one-peakon solution pe −α|x−ct| . In fact, when a traveling system has a singular straight line and a curve triangle surrounding a periodic annulus of a center under some parameter conditions, there exists peaked solitary wave solution (peakon).
Introduction
In recent years, nonlinear wave equations with nonsmooth solitary wave solutions, such as peaked solitons (peakons) and cusped solitons (cuspons), have attracted much attention in the literature. Peakon was first proposed by [Camassa & Holm, 1993; Camassa et al., 1994] and thereafter other peakon equations were developed (see [Degasperis & Procesi, 1999; Degasperis et al., 2002; Qiao, 2006 Qiao, , 2007 Li & Dai, 2007; Novikov, 2009] , and cited references therein). Peakons are the so-called peaked solitons, i.e. solitons with discontinuous first-order derivative at the peak point. Usually, the profile of a wave function is called a peakon if at a continuous point its left and right derivatives are finite and have different signs [Fokas, 1995] . But if its left and right derivatives are positive and negative infinities, respectively, then the wave profile is called a cuspon.
In our paper [Li & Chen, 2007] and book [Li & Dai, 2007] (or more recent book [Li, 2013] ), using the dynamical system approach, it has been theoretically proved that there exists a curve triangle including one singular straight line in a phase portrait of the traveling wave system corresponding to some nonlinear wave equation such that the traveling wave solutions have peaked profiles and lose their smoothness. In fact, the existence of a singular straight line leads to a dynamical behavior with two scale variables in a period annulus of a center. For a singular nonlinear traveling wave system of the first kind, the following two results hold (see [Li, 2013] These two theorems tell us that for a nonlinear wave equation, a peakon solution has a determined geometric property. It depends on the existence of a curve triangle surrounding a period annulus of a center of the corresponding traveling wave system, in the neighborhood of a singular straight line (see [Li, 2013] ). In fact, the curve triangle are the limit curves of a family of periodic orbits of the traveling wave system. It gives rise to a peakon profile of the nonlinear wave equation.
For an example, as a shallow water model, the generalized Camassa-Holm (CH) equation with real parameters k, α
has a one-peakon solution
when α = 3 c (c − k) with c > 0, k < c, where c is the wave velocity. Equation (1) has the traveling system
which has the following first integral:
Figure 1(a) shows the phase portrait of system (3) when α = 3 c (c − k). Corresponding to the curve triangle enclosing the period annulus of the center E 1 ( Fig. 1(b) shows the peakon profile of Eq. (1) given by (2).
When k = 0, α = 3, Eq. (1) is the original Camassa-Holm equation, it has one-peakon solution u(x, t) = ce −|x−ct| . On the basis of this solution form, in [Beals et al., 1999] , the authors investigated the N -soliton solution of CH-equation of the form
where the positions q j and amplitudes p j satisfy the following system:
In [Hone & Wang, 2008] , the authors considered the N -soliton solution of form (5) of the Novikov equation [Novikov, 2009] :
wherė
Unfortunately, we have showed in [Li, 2014] that even though φ = pe (x−ct) and φ = pe −(x−ct) are two traveling wave solutions of Eq. (7), they cannot be combined to become the solution φ = pe −|x−ct| , i.e. an one-peakon solution of Eq. (7).
In this paper, we shall show the following two conclusions:
(1) Under different parameter conditions, one nonlinear wave equation can have different exact one-peakon solutions. (2) Different nonlinear wave equations can have different explicit exact one-peakon solutions.
Namely, there are various exact explicit onepeakon solutions, which are different from the onepeakon solution given by (2). Therefore, to investigate N -peakon solutions for a given nonlinear wave equation, we may need to consider other forms of exact solutions, which is different from (5).
We consider the following four nonlinear wave equations as examples.
(i) The generalized Camassa-Holm equation
When β = 0, Eq. (9) is just Eq. (1).
where m, n are integers, a is a real parameter (see [Rosenau, 1997; Li & Liu, 2002] ). (iii) The two-component Hunter-Saxton (HS) system with real parameters A, σ (see [Moon, 2013] ):
where σ ∈ R and A ≥ 0. System (11) is the short wave (or high-frequency) limit of the generalized two-component form of the CamassaHolm shallow water equations. (iv) The two-component Camassa-Holm system with real parameters k, α, e 0 = ±1 (see [Olver & Rosenau, 1996; Chen et al., 2006; Chen et al., 2011; Li & Qiao, 2013] ):
where
The corresponding traveling wave systems of Eqs. (9)- (12) have one or two singular straight lines, respectively (see next sections below). Under some particular parameter conditions, there exist at least one family of periodic orbits surrounding a center such that the boundary curves of the period annulus are a curve triangle including a singular straight line (see the phase portraits in the next sections). Applying the classical analysis method, we can obtain the parametric representations for these boundary curves. When we take these curve triangles into account as the limit curves of period annulus, these exact parametric representations provide very good understanding of the occurrence of peaked traveling wave solutions.
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Namely, the curve triangle gives rise to a solitary cusp wave (peakon) solution.
This paper is organized as follows. In Secs. 2-5, we discuss respectively the exact peakon solutions for Eqs. (9)-(12).
Peakon Solutions of the Generalized Camassa-Holm Eq. (9)
Let u(x, t) = φ(x − ct). Then, Eq. (9) has the traveling system dφ dξ = y,
Making the transformation dξ = (φ−c)dζ for φ = c, system (13) becomes
System (14) is an integrable cubic system, which has the same invariant curve solutions as system (13) and the same first integral
Denote that
We assume that β = 0. Then, for β > 0, α = 0 and 0 < k < c, f (φ) has three zeros at φ 0 = 0 and (14) has three equilibrium points E 1 (φ 1 , 0), O(0, 0) and
This equality follows also that Y ± = 0. Let M (φ i , y i ) be the coefficient matrix of the linearized system of (14) at an equilibrium point (φ i , y i ). We have
By the theory in the planar dynamical systems, we see from (16) that the equilibrium points (c, Y ± ) are saddle points. We denote that
Thus, for c = 0 and a fixed pair (c, k), h s = 0 if and 
J. Li slow variable in the sense of the geometric singular perturbation theory. We now discuss the exact peakon solutions of Eq. (9).
, two heteroclinic orbits of system (14) in Fig. 2 β , by using the first equation of (13) to integrate and taking the initial value as φ(0) = c by Theorem B, we obtain the following peakon solution of Eq. (9):
where Ω 0 = ctnh
, two heteroclinic orbits of system (14) in Fig. 2(b) given by H(φ, y) = 0 can be written as y 2 = 1 4 βφ 3 .
Thus, corresponding to this curve triangle, we have the peakon solution of Eq. (9) as follows:
Clearly, by moving the saddle to the origin, for the three cases in Figs. 2(c), 2(e) and 2(d), we can obtain similar results as (17) and (18).
, two heteroclinic orbits of system (14) in Fig. 2(f) given by H(φ, y) = h s = h 1 can be written as
.
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Hence, corresponding to this curve triangle, we have the peakon solution of Eq. (9) as follows:
Figures 3(a)-3(c) show the peakon profiles given by (17)- (19), respectively.
From the above discussion, we have the following conclusion.
Theorem 1. Equation (9) has three different exact explicit peakon solutions given by (17)-(19), respectively. The corresponding peakon profiles are shown in Figs. 3(a)-3(c).
Peakon Solutions of the Nonlinear Dispersion Equation
K(m, n)
Corresponding to Eq. (10), it has the following traveling system (see [Rosenau, 1997] (m,n) which has the first integral
Letting dξ = nφ n−1 dζ, system (20) becomes the following system dφ dζ
On the (φ, y)-phase plane, the abscissas of equilibrium points of system (22) on the φ-axis are the zeros of E(φ) = aφ m − cφ − g. When n = 2, there are two equilibrium points of (22) By using this information, we know the distributions of the zeros of E(φ) on the φ-axis. Let(φ e , y e ) be an equilibrium of system (22). At this point, the determinant of the linearized system of system (22) has the form
It is clear that for n = 2, two equilibrium points on the y-axis are saddle points. As to the equilibrium (φ e , 0) on the x-axis, it is a center (or a saddle point), if φ n−1 e E (φ e ) > 0(or < 0). When E(φ) has two zeros on the φ-axis, we denote them as φ ej , j = 1, 2, φ e1 < φ e2 . Write that
where H is defined by (21). By using the above facts to do qualitative analysis, we obtain the following results.
(
2k , there exist a heteroclinic loop of system (22). Taking k = 1, 2, we have the two phase portraits of system (22) (2) For equation
, there exist a heteroclinic loop of system (22). Taking k = 1, we have the phase portraits of system (22) shown in Fig. 4(c) .
We next consider the exact peakon solutions.
For m = n = 2, when a < 0, g > 0 and c = 3 2 2|a|g, we have the phase portrait Fig. 4(a) . By (21) with h = 0, we know that the upper and lower straight lines of the boundary triangle of the periodic annulus with center C( system (20), we obtain following parametric representations:
(ii) K(4, 2) peakon.
When m = 4, n = 2, a < 0, g > 0 and c = 2|a| Fig. 4(b) . By (21) with h = 0, the upper and lower boundary curves of the period annulus of center C are y = ± |a| 6 (φ − φ 1 ) φ 2 + 2φ 1 φ + 3φ 2 1 . Thus, by using the first equation of system (20), we obtain the following parametric representations:
, for ξ ∈ (−∞, 0),
(iii) K(3, 2) peakon.
2 , system (20) (3, 2) has three equilibrium points S 1 (φ 1 , 0), C 1 (φ 2 , 0) and C 2 (φ 3 , 0) in Fig. 4(c) , where (20), we obtain the following parametric representations:
We use Figs 
Peakon Solutions of the
Two-Component Hunter-Saxton System (11)
, where c is the wave speed. Then, the second equation of (11) 
Integrating this equation yields
2 g is an integration constant. This equation is equivalent to the following two-dimensional 1 3 − 2Ac. Under condition (H 1 ), system (6) has three simple equilibrium points E j (φ j , 0), j = 1, 2, 3 with φ 1 <φ < φ 2 < c < φ 3 . Notice that for every j = 1, 2, 3, φ j does not depend on the parameter σ.
It is easy to see that for a given positive parameter group of (A, B 2 , c) and g > 3(A 2 B 2 ) 1 3 − 2Ac, under the parameter condition:
, we have h s = h 1 < h 2 < h 3 . Thus, we obtain the phase portrait of (28) as shown in Fig. 6(a) .
Corresponding to the heteroclinic orbit loop of (6) connecting three saddle points E 1 (φ 1 , 0), S ∓ and enclosing the center E 2 (φ 2 , 0) in Fig. 6(a) Hence, by using the first equation of system (26) to integrate, along the heteroclinic orbits E 1 S + and E 1 S − , we have
Thus, we obtain φ(χ) = c − (c − φ 1 ) tanh 2 (χ),
where χ 0 = arctanh 
